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Abstract
We define an operator which for odd-dimensional compact gauge group fur-
nishes unitary equivalence of the bosonic and fermionic sector in the supersym-
metric quantum-mechanical matrix model obtained by dimensional reduction from
3-dimensional supersymmetric Yang-Mills theory.
Let G be a compact semisimple Lie group. We consider a class of supersymmetric
G-invariant quantum mechanical models involving d = 2 copies of the Lie algebra of G.
If the dimension g = dimG of G is odd, we will show that the Hodge ∗ operator, in a
simple, direct way, gives rise to a unitary equivalence of the Hamiltonian restricted to
the bosonic and fermionic sector. This trivially implies the vanishing of the Witten-index
(see [1-7] for work on the subject).
Let us first describe the Hilbert space. The configuration space of the bosonic degrees
of freedom is X = R2g, with coordinates
(qsA)s=1,2, A=1,... ,g.
To describe the fermionic degrees of freedom one considers the Clifford algebra with
hermitian generators (ΘαA)α=1,2, A=1,... ,g and commutation relations
{ΘαA,ΘβB} = δαβδAB.
We realize the Clifford algebra on the fermionic Fock space Λ over the Hilbert space Cg.
We decompose
Λ =
⊕
p=0
Λp , Λ+ =
⊕
p=0
Λ2p , Λ− =
⊕
p=0
Λ2p+1,
where Λp =
∧p(Cg) denotes the p-particle space. Λ carries a natural scalar product 〈·, ·〉.
Let
(eA)A=1,... ,g
1
be the standard basis in Cg, and λA,
∂
∂λA
the associated creation and annihilation opera-
tors. The Clifford generators can now be expressed as
Θ1A =
1√
2
(
λA +
∂
∂λA
)
, Θ2A =
i√
2
(
λA − ∂
∂λA
)
.
Let (−1)F = ( i
2
)g∏
AΘ1AΘ2A, which equals ±1 on Λ±. We define the Hilbert spaces
H = L2(X)⊗ Λ = H+ ⊕H−,
with H± = L2(X)⊗Λ±, called the bosonic and fermionic sector, respectively. The Hilbert
space H carries a unitary representation of G. Let H(0) denote the physical Hilbert space
consisting of G-invariant states in H. H(0)+ ,H(0)− are given analogous. We define the Hodge
∗ operator with respect to the volume form ω = e1 ∧ . . . ∧ eg in Λ, i.e.
∗ : Λ→ Λ :
for β ∈ Λp, let ∗β ∈ Λm−p be the unique element such that
〈∗β, α〉 = 〈ω, β ∧ α〉, for all α ∈ Λm−p.
By β we mean complex conjugation of β. We list some properties of the Hodge ∗ in the
following lemma, which can easily be verified.
Lemma 1
(a) ∗† = ∗−1
(b) On Λp we have, ∗2 = (−1)(m−p)p.
(c) If m is odd, then ∗ : Λ+ → Λ− and ∗ : Λ− → Λ+, i.e. {∗, (−1)F} = 0.
(d) On Λp we have, λA∗ = (−1)p−1 ∗ ∂∂λA and ∂∂λA ∗ = (−1)
p ∗ λA.
The model is defined by the following operators. Let fABC be the real and totally
antisymmetric structure constants, with respect to an orthonormal basis of the Lie algebra
of G. The generators of the unitary representation on H are
LA = −ifABC
(
qsB
∂
∂qsC
+ λB
∂
∂λC
)
, A = 1, . . . , g
The supercharges are given by
Q =
(
∂
∂q1A
− i ∂
∂q2A
)
∂
∂λA
+ ifABCq1Aq2BλC ,
Q† = −
(
∂
∂q1A
+ i
∂
∂q2A
)
λA − ifABCq1Aq2B ∂
∂λC
and the Hamiltonian by
H = −∆+ 1
2
(fABCqmBqnC)
2 + (q1A + iq2A) fABCλBλC − (q1A − iq2A) fABC ∂
∂λB
∂
∂λC
.
2
The physical Hilbert space can be written as
H(0) = {ψ ∈ H | LAψ = 0, A = 1, . . . , g} .
We recall the super-algebra{
Q,Q†
} |H(0) = H|H(0) , {Q,Q} |H(0) = 0, {Q†, Q†} |H(0) = 0,{
(−1)F , Q
}
= 0,
{
(−1)F , Q†
}
= 0.
We define the following operators S and P by
S : L2(X)→ L2(X)
ψ 7→ Sψ(q1A, q2A) = ψ(q1A,−q2A),
P = S∗ = ∗S.
P has the following properties.
Theorem 2
(a) P is unitary.
(b) If dim G is odd, then we have P 2 = 1 and P : H+ → H−, P : H− → H+, i.e.
{P, (−1)F} = 0.
(c) [P,H ] = 0 , [P, LA] = 0.
(d) On H− we have QP = PQ†, Q†P = −PQ and on H+, QP = −PQ†, Q†P = PQ.
Proof of Theorem.
(a) follows by S† = S−1 and Lemma 1(a).
(b) follows from S−1 = S and Lemma 1(b),(c).
(c) Applying Lemma 1(d), we find
∗λBλC = − ∂
∂λB
∂
∂λC
∗, ∗ ∂
∂λB
∂
∂λC
= −λBλC∗, ∗ ∂
∂λB
λC = λB
∂
∂λC
∗,
which shows that [P,H ] = 0 and [P, LA] = 0.
(d). Applying Lemma 1(d), we find
on Λ+ : λA∗ = − ∗ ∂
∂λA
,
∂
∂λA
∗ = ∗λA,
on Λ− : λA∗ = ∗ ∂
∂λA
,
∂
∂λA
∗ = − ∗ λA ,
from which (c) follows. ✷
This theorem directly implies the following corollary.
Corollary 3 Let dim G be odd.
(a) P : H(0)+ →H(0)− , P : H(0)− → H(0)+ .
(b) P (H|
H
(0)
+
)P = H|
H
(0)
−
, i.e. H|
H
(0)
+
and H|
H
(0)
−
are unitarily aequivalent.
The corollary implies that the Witten index vanishes. In fact, both the principle and
deficit contribution to the Witten index (cp. [2-7]) vanish, since P commutes with the
characteristic function of the ball BR(0) = {x : ‖x‖ ≤ R} for any R.
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